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OKOUNKOV BODIES AND SESHADRI CONSTANTS
ATSUSHI ITO
Abstract. Okounkov bodies, which are closed convex sets defined for
big line bundles, have rich information on the line bundles. On the other
hand, Seshadri constants are invariants which measure the positivity of
line bundles. In this paper, we prove that Okounkov bodies give lower
bounds of Seshadri constants.
1. Introduction
In this paper, we investigate a relation between Okounkov bodies and
Seshadri constants.
Okounkov bodies were introduced by Lazarsfeld and Mustat¸a˘ [LM] and
independently by Kaveh and Khovanskii [KK], based on the work of Ok-
ounkov [Ok1, Ok2]. First, recall the definition of Okounkov bodies.
Let X be a variety of dimension n, z = (z1, . . . , zn) a local coordinate
system at a smooth point p ∈ X, and > a monomial order on Nn. Then we
obtain a valuation
ν = νz,> : OX,p \ {0} → N
n
as follows; for f ∈ OX,p \ {0}, we expand it as a formal power series
f =
∑
u∈Nn
cuz
u
and set
ν(f) := min{u | cu 6= 0},
where the minimum is taken with respect to the monomial order >.
Let L be a big line bundle on a projective variety X. Then we can define
the Okounkov body ∆(L) of L as follows.
Fix an isomorphism Lp ∼= OX,p. Then this isomorphism naturally induces
Lkp
∼= OX,p for any k ≥ 0, and we have the map
H0(X, kL) \ {0} →֒ Lkp \ {0}
∼= OX,p \ {0}
ν
→ Nn.
We write ν(H0(X, kL)) ⊂ Nn for the image of H0(X, kL) \{0} by this map.
Note that ν(H0(X, kL)) does not depend on the choice of the isomorphism
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Lp ∼= OX,p because ν maps any unit element in OX,p to 0 ∈ N
n. Then
ΓL = ΓL,z,> :=
⋃
k∈N
{k} × ν(H0(X, kL)) ⊂ N× Nn
is a semigroup by construction. We define the Okounkov body of L with
respect to z and > by
∆(L) = ∆z,>(L) : = closed convex hull
( ⋃
k≥1
1
k
ν(H0(X, kL))
)
= Σ(ΓL) ∩ ({1} × R
n),
where Σ(ΓL) is the closed convex cone spanned by ΓL.
More generally, we can define the Okounkov body for a graded linear
series. That is, for a graded linear series W• associated to a line bundle L
on a (not necessarily projective) variety X, we set
ΓW• = ΓW•,z,> :=
⋃
k∈N
{k} × ν(Wk) ⊂ N× N
n.
We define the Okounkov body of W• with respect to z and > by ∆(W•) =
∆z,>(W•) := Σ(ΓW•,z,>) ∩ ({1} × R
n).
Remark 1.1. In [LM], they use “admissible flags” instead of local coordinate
systems. Essentially, there is no difference if > is the lexicographic order.
Local coordinate systems are used in [BC] for instance.
On the other hand, Demailly [De] defined an interesting invariant, Se-
shadri constant, which measures the local positivity of an ample line bundle
at a point. Seshadri constants relate to jet separation of adjoint bundles,
Ross-Thomas’ slope stabilities of polarized varieties [RT], Gromov width (an
invariant in symplectic geometry) [MP], and so on. Nakamaye [Na] defined
Seshadri constants at very general points for big line bundles. For a detailed
treatment of Seshadri constants, we refer the reader to [La, Chapter 5] or
[B+].
We extend the notion of Seshadri constants slightly. Usually, Seshadri
constants are defined in a numerical way. However, we adopt an equivalent
definition in terms of jet separation since we treat graded linear series in
this paper.
Let W• be a “birational” graded linear series associated to a line bundle
L on a variety X (see Definition 3.2 for the definition of a birational graded
linear series). Using jet separation (cf. [De, Theorem 6.4], [ELMNP, Propo-
sition 6.6]), we define the Seshadri constant ε(W•; 1) of W• at a very general
point by
ε(W•; 1) := sup
k>0
s(Wk; 1)
k
∈ R+ ∪ {+∞},
where s(Wk; 1) is the supremum of integers s ≥ −1 such that the natural
map Wk →֒ H
0(X,Lk) → Lk ⊗ OX/m
s+1
p is surjective for a very general
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point p ∈ X. When L is a big line bundle on a projective variety X and
W• = {H
0(X, kL)}k , it is easy to show W• is birational. Hence we can
consider the Seshadri constant of W• at a very general point, which we
denote by ε(L; 1) or ε(X,L; 1).
To relate Seshadri constants with Okounkov bodies, we introduce an in-
variant for a convex set. For an integral polytope ∆ ⊂ Rn of dimension n,
we can consider an invariant ε(∆; 1) := ε(X∆, L∆; 1), where (X∆, L∆) is the
polarized toric variety corresponding to ∆. To generalize this invariant to an
n-dimensional convex set ∆, we introduce a “monomial” birational graded
linear series W∆,• associated to O(C×)n on (C
×)n (see Definition 4.1). Thus
we can define ε(∆; 1) := ε((C×)n,W∆,•; 1).
In this paper, we show the following theorem, which states that Okounkov
bodies give lower bounds on Seshadri constants.
Theorem 1.2 (Special case of Theorem 5.8). Let X be a projective variety
of dimension n, and fix a local coordinate system z = (z1, . . . , zn) on X at
a smooth point and a monomial order > on Nn. For a big line bundle L on
X, it holds that ε(L; 1) ≥ ε(∆z,>(L); 1).
We explain the idea of the proof of Theorem 1.2 when L is ample. The
strategy is to compare two graded linear series {H0(X, kL)}k andW (ΓL)• :=
{
⊕
u∈ν(H0(X,kL))Cx
u}k. Note that
⊕
u∈ν(H0(X,kL))Cx
u ⊂ C[Nn] is nothing
but the degree k-th part of the graded ring C[ΓL].
If ΓL is finitely generated, Anderson [An] showed that
⊕
kH
0(X, kL) de-
generates to C[ΓL]. In other words, (X,L) degenerates to the (not necessar-
ily normal) toric variety (ProjC[ΓL],O(1)). Since Seshadri constants have a
lower semicontinuity, we have ε(X,L; 1) ≥ ε(ProjC[ΓL],O(1); 1). It is easy
to check that ε(ProjC[ΓL],O(1); 1) = ε(X∆(L), L∆(L); 1) = ε(∆(L); 1), and
Theorem 1.2 follows in this case.
Unfortunately, ΓL is not finitely generated in general. Hence we can-
not use the degeneration of the section ring
⊕
kH
0(X, kL). Instead, we
degenerate linear series as in [CM], that is, we degenerate H0(X, kL) to
W (ΓL)k =
⊕
u∈ν(H0(X,kL))Cx
u for each k separately. Then we can show
s(H0(X, kL); 1) ≥ s(W (ΓL)k; 1) and compare the Seshadri constants of L
and W (ΓL)•.
Thus even if we show Theorem 1.2 only for an ample line bundle L, we
have to treat the graded linear series W (ΓL)•. This is the reason why we
extend the notion of Seshadri constants to graded linear series.
The definition of Seshadri constants can be easily generalized to the multi-
point case (cf. [La],[B+]). That is, we can define the Seshadri constants
ε(W•;m) and ε(∆;m) for a weight m = (m1, . . . ,mr) ∈ R
r
+.
Theorem 1.2 is generalized to the multi-point case and birational graded
linear series as follows.
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Theorem 1.3 (=Theorem 5.8). Let W• be a birational graded linear series
associated to a line bundle L on an n-dimensional variety X. Fix a local
coordinate system z = (z1, . . . , zn) on X at a smooth point and a monomial
order > on Nn. Then ε(W•;m) ≥ ε(∆z,>(W•);m) holds for any r ∈ Z+
and m ∈ Rr+.
This paper is organized as follows. In Section 2, we recall some notations
and conventions. In Section 3, we define Seshadri constants of graded linear
series and investigate basic properties. In Section 4, we study Seshadri
constants of monomial graded linear series. In Section 5, we give the proof
of Theorem 1.3. Throughout this paper, we consider varieties or schemes
over the complex number field C.
Acknowledgments. The author wishes to express his gratitude to his su-
pervisor Professor Yujiro Kawamata for his valuable advice, comments and
warm encouragement. He is grateful to Professors Robert Lazarsfeld and Ya-
sunari Nagai for many valuable comments. He wishes to thank to Professor
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also like to thank Yoshinori Gongyo, Makoto Miura, Yusuke Nakamura,
Shinnosuke Okawa, Taro Sano, and Yusaku Tiba for helpful discussions and
comments. The author was supported by the Grant-in-Aid for Scientific
Research (KAKENHI No. 23-56182) and the Grant-in-Aid for JSPS fellows.
2. Notations and conventions
We denote by N,Z,Q,R, and C the set of all natural numbers, integers,
rational numbers, real numbers, and complex numbers respectively. In this
paper, N contains 0. Set Z+ = N \ 0, R+ = {x ∈ R |x > 0}. For a real
number t ∈ R, the round up of t is denoted by ⌈t⌉ ∈ Z.
For a subset S ⊂ Rn, we denote by Σ(S) the closed convex cone spanned
by S. For t ∈ R, we set tS = { tu |u ∈ S}. For another subset S′ ⊂ Rn,
S + S′ = {u + u′ |u ∈ S, u′ ∈ S′} is the Minkowski sum of S and S′.
For simplicity of notation, we denote S + (−S′) by S − S′. For u′ ∈ Rn,
S + u′ = {u+ u′ |u ∈ S} is the parallel translation of S by u′.
For a convex set ∆ ⊂ Rn, the dimension of ∆ is the dimension of the
affine space spanned by ∆. We denote by ∆◦ the interior of ∆.
A subset P ⊂ Rn is called a polytope if it is the convex hull of a finite set
in Rn. A polytope P is integral if all its vertices are contained in Zn.
For a variety X, we say a property holds at a general point of X if it holds
for all points in the complement of a proper algebraic subset. A property
holds at a very general point of X if it holds for all points in the complement
of the union of countably many proper subvarieties.
Throughout this paper, a divisor means a Cartier divisor. Thus we use
the words “divisor”, “line bundle”, and “invertible sheaf ” interchangeably.
For divisors D and D′, the inequality D ≥ D′ means D −D′ is effective.
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3. Seshadri constants of graded linear series
In this section, we define Seshadri constants of graded linear series.
Definition 3.1. Let L be a line bundle on a (not necessarily projective) vari-
ety X, andW a subspace of H0(X,L). For r ∈ Z+ andm = (m1, . . . ,mr) ∈
Zr, we say that W separates m-jets at smooth r points p1, . . . , pr in X if
the natural map
W → L
/(
L⊗
r⊗
i=1
m
mi+1
pi
)
=
r⊕
i=1
L/mmi+1pi L
is surjective, where we regard mmi+1pi = OX for mi ≤ −1. We say W
generically separates m-jets if W separates m-jets at general r points in X.
By definition, any W generically separates m-jets if mi ≤ −1 for any i.
For W ⊂ H0(X,L) and m = (m1, . . . ,mr) ∈ R
r
+, we define s(W ;m) ∈
R ∪ {+∞} to be
s(W ;m) = sup{ t ∈ R |W generically separates ⌈tm⌉-jets},
where ⌈tm⌉ = (⌈tm1⌉, . . . , ⌈tmr⌉). When dimW < +∞, we have
s(W ;m) = max{ t ∈ R |W generically separates ⌈tm⌉-jets} ∈ R.
When W = H0(X,L), we denote s(W,m) by s(L;m).
Suppose X is a variety of dimension n and L is a line bundle on X.
Let W• = {Wk}k∈N be a graded linear series associated to L, i.e., Wk is a
subspace of H0(X, kL) for any k ≥ 0 with W0 = C, such that
⊕
k≥0Wk is
a graded subalgebra of the section ring
⊕
k≥0H
0(X, kL). When all Wk are
finite dimensional, W• is called of finite dimensional type.
Definition 3.2. A graded linear seriesW• on a variety X is birational if the
function field K(X) of X is generated by { f/g ∈ K(X) | f, g ∈ Wk, g 6= 0}
over C for any k ≫ 0. When W• is of finite dimensional type, this is
clearly equivalent to the condition that the rational map defined by |Wk|
is birational onto its image for any k ≫ 0, which is Condition (B) in [LM,
Definition 2.5].
Now we define Seshadri constants of graded linear series.
Definition 3.3. Let W• be a birational graded linear series associated to a
line bundle L on a variety X. For m = (m1, . . . ,mr) ∈ R
r
+, we define the
Seshadri constant of W• at very general points with weight m to be
ε(X,W•;m) = ε(W•;m) := sup
k>0
s(Wk;m)
k
∈ R+ ∪ {+∞}.
Note that s(Wk;m) > 0 holds for k ≫ 0 by the birationality of W•.
When Wk = H
0(X, kL) for any k, we denote it by ε(X,L;m) or ε(L;m).
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Remark 3.4. The definition of Seshadri constants by jet separation is due
to Theorem 6.4 in [De]. See also [La] or [ELMNP]. We treat the definition
by blowing ups in Lemmas 3.9 and 3.10.
Remark 3.5. By definition, s(W ;m) ≤ s(W ′;m) holds for subspaces W ⊂
W ′ in H0(X,L). Thus ε(W•;m) ≤ ε(W
′
•;m) holds for W•,W
′
• associated to
L if Wk ⊂W
′
k for any k (we write W• ⊂W
′
• for such W•,W
′
•).
For an injection L →֒ L′ between line bundles on X and a subspace
W ⊂ H0(X,L), s(W ;m) does not change if we regard W as a subspace
of H0(X,L′) because we consider jet separation at general points. Hence
ε(W•;m) does not change for W• associated to L if we consider that W• is
associated to L′.
Let π : X ′ → X be a birational morphism andW• a graded linear series as-
sociated to L onX. Then we can consider thatW• is a graded linear series on
X ′ associated to π∗L by the natural inclusion H0(X, kL) ⊂ H0(X ′, kπ∗L).
By a similar reason to above, we have ε(X,W•;m) = ε(X
′,W•;m).
By the following lemma, we may assume that W• is of finite dimensional
type in many cases when we prove properties of ε(X,W•;m).
Lemma 3.6. Let W• be a birational graded linear series. Suppose that
W1,• ⊂W2,• ⊂ · · · ⊂Wl,• ⊂ · · · ⊂W• is an increasing sequence of birational
graded linear series in W• such that Wk =
⋃∞
l=1Wl,k for each k. Then it
holds that ε(W•;m) = supl ε(Wl,•;m) = liml ε(Wl,•;m).
Proof. Since ε(Wl,•;m) is monotonically increasing, liml ε(Wl,•;m) exists.
The inequalities ε(W•;m) ≥ supl ε(Wl,•;m) ≥ liml ε(Wl,•;m) are clear.
Thus it is enough to show ε(W•;m) ≤ liml ε(Wl,•;m).
Fix k and a real number t < s(Wk;m). By definition, Wk generically
separates ⌈tm⌉-jets. Hence Wl,k also generically separates ⌈tm⌉-jets for
l ≫ 0 by the assumption Wk =
⋃
lWl,k. Thus it holds that s(Wk;m)/k =
liml s(Wl,k;m)/k ≤ liml ε(Wl,•;m). By the definition of ε(W•;m), we have
ε(W•;m) ≤ liml ε(Wl,•;m). 
In Definition 3.3, ε(W•;m) is defined by the supremum, but in fact it is
the limit.
Lemma 3.7. In Definition 3.3, ε(W•;m) = lim
s(Wk;m)
k
holds.
Proof. By Lemma 3.6, we may assume thatW• is of finite dimensional type.
To prove this lemma, it suffices to show that a sequence {s(Wk;m)}k is
superadditive, i.e.,
s(Wk+l;m) ≥ s(Wk;m) + s(Wl;m)
holds for k, l > 0 if s(Wk;m), s(Wl;m) ≥ 0.
For simplicity, we set sk = s(Wk;m) in this proof. We prove the super-
additivity only when r = 1, and write m ∈ R+ instead of m. When r > 1,
the proof is essentially the same. Hence we leave the details to the reader.
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Fix a very general point p ∈ X. For each k, i ≥ 0, set
Wk,i =Wk ∩H
0(X,Lk ⊗mip) ⊂ H
0(X,Lk).
For any s ∈ N, it is easy to show that
Wk → L
k ⊗OX/m
s+1
p
is surjective if and only if so is
Wk,i → L
k ⊗mip/m
i+1
p
for each i ∈ {0, 1, . . . , s}.
Fix an integer 0 ≤ i ≤ ⌈skm⌉+ ⌈slm⌉. Then there exist integers 0 ≤ i1 ≤
⌈skm⌉, 0 ≤ i2 ≤ ⌈slm⌉ such that i = i1+ i2. Consider the following diagram
Wk,i1 ⊗Wl,i2

α
//
	
Lk ⊗mi1p /m
i1+1
p ⊗ L
l ⊗mi2p /m
i2+1
p
β

Wk+l,i
γ
// Lk+l ⊗mip/m
i+1
p .
In this diagram, α is surjective because i1 ≤ ⌈skm⌉, i2 ≤ ⌈slm⌉, and β is
clearly surjective. Hence γ is also surjective for any i ∈ {0, 1, . . . , ⌈skm⌉ +
⌈slm⌉}. Thus Wk+l generically separates ⌈skm⌉+ ⌈slm⌉-jets, which means
sk+l ≥ (⌈skm⌉+ ⌈slm⌉)/m ≥ sk + sl. 
Many properties of Seshadri constants of ample line bundles also hold for
graded linear series.
Lemma 3.8. For a birational graded linear series W• (resp. W
′
•) associated
to a line bundles L (resp. L′) on a variety X and m ∈ Rr+, it holds that
(1) ε(W
(l)
• ;m) = l · ε(W•;m) for l ∈ Z+, where W
(l)
• is the graded linear
series associated to Ll defined by W
(l)
k :=Wkl.
(2) ε(W•; tm) = t
−1ε(W•;m) for t ∈ R+.
(3) ε(W
′′
• ;m) ≥ ε(W•;m) + ε(W
′
•;m), where W
′′
• is the graded linear
series associated to L⊗ L′ defined by W
′′
k := the image of
Wk ⊗W
′
k → H
0(X, k(L ⊗ L′)).
(4) ε(W•;m) ≤
n
√
vol(W•)/|m|n, where n = dimX, vol(W•) = limk
dimWk
kn/n!
,
and |m|n =
∑r
i=1m
n
i .
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Proof. By Lemma 3.7, we have
ε(W
(l)
• ;m) = lim
k
s(W
(l)
k ;m)
k
= lim
k
s(Wkl;m)
k
= l · lim
k
s(Wkl;m)
kl
= l · lim
k
s(Wk;m)
k
= l · ε(W•;m).
Hence (1) is shown.
We can show (2) easily from the definition and the following.
s(Wk; tm) = sup{ s ∈ R |Wk generically separates ⌈stm⌉-jets }
= t−1 sup{ s ∈ R |Wk generically separates ⌈sm⌉-jets }
= t−1s(Wk;m).
To prove (3), it suffices to show s(W
′′
k ;m) ≥ s(Wk;m)+s(W
′
k;m) for any
k. We can show this by the argument similar to the proof of Lemma 3.7.
We leave the details to the reader.
To show (4), we fix a positive number 0 < t < ε(W•;m). By Lemma
3.7, the inequality s(Wk;m) > kt holds for any k ≫ 0. Thus Wk separates
⌈ktm⌉-jets for any k ≫ 0. In other words,
Wk →
⊕
i
L⊗O/m⌈ktmi⌉+1pi
is surjective for very general p1, . . . , pr. This surjection induces
dimWk ≥ dim
⊕
i
L⊗O/m⌈ktmi⌉+1pi
=
∑
i
(
⌈ktmi⌉+ n
n
)
=
∑
i
tnmni
n!
kn +O(kn−1).
Thus we have vol(W•) ≥ t
n|m|n by k → +∞. We finish the proof by
t→ ε(W•;m). 
Definition 3.3 is a natural generalization of the well-known definition of
the Seshadri constant (at very general points) for a nef and big line bundle
(cf. [La, Theorem 5.1.17]).
Lemma 3.9. For a nef and big line bundle L on a projective variety X and
m = (m1, . . . ,mr) ∈ R
r
+, it holds that
ε(X,L;m) = max{ t ≥ 0 |µ∗L− t
r∑
i=1
miEi is nef },
OKOUNKOV BODIES AND SESHADRI CONSTANTS 9
where µ : X˜ → X is the blowing up along very general r points on X and
E1, . . . , Er are the exceptional divisors.
Proof. The proof is essentially the same as that of [La, Theorem 5.1.17].
First, we show ε(X,L;m) ≤ max{ t ≥ 0 |µ∗L − t
∑r
i=1miEi is nef }, i.e.,
µ∗L−ε(X,L;m)
∑r
i=1miEi is nef. Fix a curve C ⊂ X and let C˜ ⊂ X˜ be the
strict transform of C. It is enough to show (µ∗L−ε(X,L;m)
∑r
i=1miEi).C˜ ≥
0. For each k, the line bundle Lk separates ⌈skm⌉-jets at very general points
p1, . . . , pr, where sk := s(kL;m). Hence there exists an effective divisor
D ∈ |Lk ⊗
⊗
im
⌈skmi⌉
pi | such that D does not contain C. Thus it holds that
µ∗L.C˜ = L.C = k−1D.C
≥ k−1
∑
i
multpi(D) ·multpi(C)
≥ k−1
∑
i
⌈skmi⌉multpi(C)
≥ k−1
∑
i
skmimultpi(C) = k
−1sk
∑
i
miEi.C˜,
where multpi is the multiplicity at pi. By k → +∞, we have µ
∗L.C˜ ≥
ε(X,L;m)
∑r
i=1miEi.C˜.
We show the opposite inequality. First, assume L is ample. Let p1, . . . , pr
be very general r points in X. Fix a rational number 0 < t = a/b <
max{ t ≥ 0 |µ∗L − t
∑r
i=1miEi is nef } with positive integers a, b. Then
bµ∗L − a
∑r
i=1miEi is an ample R-line bundle on X˜. Multiplying a and b
by a sufficiently large positive integer, we may assume bµ∗L−
∑r
i=1⌈ami⌉Ei
is ample. By Serre’s vanishing theorem, there exists a natural number N
such that
H1(X, kbL⊗
⊗
i
m
k⌈ami⌉
pi
) = H1(X˜, k(bµ∗L−
∑
i
⌈ami⌉Ei)) = 0
for every k ≥ N . This means kbL separates (k⌈am1⌉−1, . . . , k⌈amr⌉−1)-jets
at p1, . . . , pr, that is,
s(kbL;m)
kb
≥ min
i
k⌈ami⌉ − 1
kbmi
.
By k → +∞, we have
ε(L;m) ≥ lim
k
min
i
k⌈ami⌉ − 1
kbmi
=
a
b
= t.
By t → max{ t ≥ 0 |µ∗L − t
∑r
i=1miEi is nef }, we obtain ε(L;m) ≥
max{ t ≥ 0 |µ∗L− t
∑r
i=1miEi is nef }.
Next we show the nef and big case. Since L is nef and big, there exists an
effective divisor E on X such that L− sE is ample for any 0 < s≪ 1. Fix
a rational number 0 < s≪ 1 and take a sufficiently divisible integer l ∈ Z+
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such that ls ∈ Z. Then ε(l(L − sE);m) ≤ ε(lL;m) = l · ε(L;m) holds by
Remark 3.5 and Lemma 3.8 (1). Since l(L− sE) is ample, we have
ε(l(L− sE);m) = max{ t ≥ 0 |µ∗(l(L− sE))− t
∑
i
miEi is nef }
= l ·max{ t ≥ 0 |µ∗(L− sE)− t
∑
i
miEi is nef }.
Hence ε(L;m) ≥ max{ t ≥ 0 |µ∗(L − sE) − t
∑r
i=1miEi is nef } holds. By
s→ 0, we have ε(L;m) ≥ max{ t ≥ 0 |µ∗L− t
∑r
i=1miEi is nef }. 
For a line bundle L on a projective variety X, W• = {H
0(X, kL)}k is
birational if and only if L is big. For a nef but not big line bundle L on X,
we define ε(X,L;m) := max{ t ≥ 0 |µ∗L− t
∑r
i=1miEi is nef } = 0.
For projective varieties, we can describe Seshadri constants of graded
linear series by using those of nef line bundles as follows. This is a simple
generalization of (some part of) [ELMNP, Propositions 6.4, 6.6], which treat
ε(L; 1) for a big line bundle L, although their notations are slightly different.
Lemma 3.10. Let W• be a birational graded linear series associated to a
line bundle L on a projective variety X. For each k > 0, set
Mk = µ
∗
k(kL)− Fk,
where µk : Xk → X is a resolution of the base ideal
bk := the image of Wk ⊗ L
−k → OX
and OXk(−Fk) := µ
−1
k bk. Set Mk = 0 if Wk = 0. Then it holds that
ε(X,W•;m) = sup
k>0
ε(Xk,Mk;m)
k
= lim
k>0
ε(Xk,Mk;m)
k
.
Proof. By definition, Mk is nef and ε(Mk,m) ≥ 0 for k > 0. To prove
the existence of limk ε(Xk,Mk;m)/k and the second equality in the above
statement, it suffices to show the superadditivity of {ε(Xk,Mk;m)}k, i.e.,
ε(Xk+l,Mk+l,m) ≥ ε(Xk,Mk;m) + ε(Xl,Ml;m)(†)
for k, l > 0 such that Wk,Wl 6= 0.
To show (†), fix such k, l > 0. We can take a common resolution of bk, bl,
and bk+l. Since Mk+l ≥Mk +Ml, (†) follows from Lemmas 3.8 (3) or 3.9.
Next we show the first equality. Since µ∗k|Wk| ⊂ |Mk|, it holds that
s(Wk;m) ≤ s(Mk;m) ≤ ε(Mk;m) for any k. Thus we have
ε(X,W•;m) = lim
s(Wk;m)
k
≤ lim
ε(Mk;m)
k
.
To show the opposite inequality, we use Lemma 3.9. Since W• is bira-
tional, the morphism ϕk : Xk → P
dim |Wk| defined by µ∗k|Wk| is birational
onto its image for k ≫ 0. Denote the image of ϕk by Yk. By Lemma 3.9,
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ε(Xk,Mk;m) = ε(Yk,OYk(1);m) holds because ϕk is birational. Further-
moreW lk = H
0(Yk,OYk(l)) for l ≫ 0, whereW
l
k is the image of W
⊗l
k →Wkl.
This implies s(OYk(l);m) = s(W
l
k;m) ≤ s(Wkl;m) for l≫ 0. Thus we have
ε(Xk,Mk;m)
k
=
ε(Yk,OYk(1);m)
k
=
1
k
lim
l
s(OYk(l);m)
l
≤ lim
s(Wkl;m)
kl
= ε(W•;m). 
4. Monomial graded linear series on (C×)n
Definition 4.1. Let n be a positive integer. For a subset S ⊂ Rn, we set
VS :=
⊕
u∈S∩Zn
Cxu,
which is a subspace of
⊕
u∈Zn Cx
u = H0((C×)n,O(C×)n).
For a convex set ∆ in Rn, we define the monomial graded linear series
W∆,• associated to O(C×)n by
W∆,k := Vk∆ ⊂ H
0((C×)n,O(C×)n).
It is easy to see that W∆,• is birational if and only if dim∆ = n.
Definition 4.2. For an n-dimensional convex set ∆ ⊂ Rn and m ∈ Rr+, we
define ε(∆;m) := ε(W∆,•,m) ∈ R+.
Remark 4.3. For an integral polytope ∆ ⊂ Rn of dimension n, clearly
ε(∆;m) = ε(X∆, L∆;m) holds, where (X∆, L∆) = (Proj
⊕
k Vk∆,O(1)) is
the polarized toric variety corresponding to ∆.
We show some basic properties of ε(∆;m) in this section.
Lemma 4.4. The following hold for subsets S1, S2 and n-dimensional con-
vex sets ∆1,∆2 in R
n such that S1 ⊂ S2, ∆1 ⊂ ∆2.
(1) s(VS1 ;m) ≤ s(VS2 ;m), ε(∆1;m) ≤ ε(∆2;m).
(2) s(VS1+u;m) = s(VS1 ;m) for u ∈ Z
n.
(3) ε(t∆1;m) = t · ε(∆1;m), ε(∆1 + u;m) = ε(∆1;m) for t ∈ R+ ∩ Q
and u ∈ Qn.
Proof. (1) is clear. (2) immediately follows from the diagram
VS1
≀



//
	
C[x±11 , . . . , x
±1
n ]
×xu≀

VS1+u


// C[x±11 , . . . , x
±1
n ].
12 ATSUSHI ITO
To show (3), choose sufficiently divisible l ∈ Z+ such that lt ∈ Z and lu ∈ Z
n.
Then we have
ε(t∆1;m) = lim
k
s(Vkt∆1 ;m)
k
= lim
k
s(Vklt∆1 ;m)
kl
= t lim
k
s(Vklt∆1 ;m)
klt
= t · ε(∆1;m)
and
ε(∆1 + u;m) = lim
k
s(Vk(∆1+u);m)
k
= lim
k
s(Vkl(∆1+u);m)
kl
= lim
k
s(Vkl∆1+klu;m)
kl
= lim
k
s(Vkl∆1 ;m)
kl
= ε(∆1;m).
The last but one equality follows from (2) since klu ∈ Zn. 
Lemma 4.5. For an n-dimensional convex set ∆ ⊂ Rn, ε(∆;m) = ε(∆◦;m)
holds.
Proof. It is enough to show ε(∆;m) ≤ ε(∆◦;m). Fix u ∈ ∆◦ ∩Qn. By the
convexity of ∆, we have ∆− u ⊂ t(∆◦ − u) for t > 1. Thus it holds that
ε(∆;m) = ε(∆ − u;m) ≤ ε(t(∆◦ − u);m) = t · ε(∆◦;m)
for t > 1 in Q by Lemma 4.4. By t→ 1, the lemma is proved. 
The property (3) in Lemma 4.4 holds for any t ∈ R+ and u ∈ R
n.
Lemma 4.6. For an n-dimensional convex set ∆ ⊂ Rn, u ∈ Rn, and t ∈
R+, it holds that
ε(∆ + u;m) = ε(∆;m), ε(t∆;m) = t · ε(∆;m).
Proof. Fix u′ ∈ ∆◦ ∩ Qn. As in the proof of Lemma 4.5, ∆ − u′ ⊂ (1 +
t′)(∆◦ − u′) holds for t′ > 0. Translating the convex sets by u + u′, we
have ∆ + u ⊂ (1 + t′)(∆◦ − u′) + u + u′. Choose u′′ ∈ Qn such that
(u+ u′)− u′′ ∈ t′(∆◦ − u′). Then we have ∆ + u ⊂ (1 + 2t′)(∆◦ − u′) + u′′.
Hence for t′ ∈ R+ ∩Q, it holds that
ε(∆ + u;m) ≤ ε((1 + 2t′)(∆◦ − u′) + u′′;m) = (1 + 2t′)ε(∆;m)
by Lemmas 4.4 (3) and 4.5. Thus we obtain ε(∆ + u;m) ≤ ε(∆;m) by
t′ → 0. Since the opposite inequality ε(∆ + u;m) ≥ ε(∆;m) also holds
similarly, ε(∆ + u;m) = ε(∆;m) follows.
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For t1, t2 ∈ Q such that 0 < t1 ≤ t ≤ t2, we have inclusions t1(∆ − u
′) ⊂
t(∆− u′) ⊂ t2(∆− u
′). Thus it holds that
ε(t1(∆ − u
′);m) ≤ ε(t(∆ − u′);m) ≤ ε(t2(∆− u
′);m).
By Lemma 4.4 (3) and the first equality of this lemma, which we have already
proved, ε(t(∆ − u′);m) = ε(t∆;m) and ε(ti(∆ − u
′);m) = ti · ε(∆;m) for
i = 1, 2. Combining these inequalities, we have
t1 · ε(∆;m) ≤ ε(t∆;m) ≤ t2 · ε(∆;m).
By t1, t2 → t, ε(t∆;m) = t · ε(∆;m) follows. 
Lemma 4.7. Let ∆1 ⊂ ∆2 ⊂ · · · ⊂ ∆i ⊂ · · · be an increasing sequence of
n-dimensional convex sets in Rn, and set ∆ =
⋃∞
i=1∆i. Then it holds that
ε(∆;m) = supi ε(∆i;m) = limi ε(∆i;m) for any m ∈ R
r
+.
Proof. This lemma follows from Lemma 3.6 immediately. 
5. Okounkov bodies and Seshadri constants
In this section, we prove Theorem 1.3.
5.1. Preliminary. For a subsemigroup Γ in N× Nn and k ∈ N, set
∆(Γ) = Σ(Γ) ∩ ({1} × Rn),
Γk = Γ ∩ ({k} × N
n).
Recall that Σ(Γ) is the closed convex cone in R × Rn spanned by Γ. We
regard ∆(Γ) and Γk as subsets in R
n and Nn respectively in a natural way.
Definition 5.1. For a semigroup Γ in N × Nn, we define a graded linear
series W (Γ)• on (C
×)n associated to O(C×)n by W (Γ)k := VΓk .
The birationality of W (Γ)• is interpreted as the following conditions of Γ.
Definition 5.2. A semigroup Γ in N×Nn is birational if
i) Γ0 = {0} ∈ N
n,
ii) Γ generates Z× Zn as a group.
These conditions are (2.3) and (2,5) in [LM] respectively. It is easy to check
that Γ is birational if and only if so is the graded linear series W (Γ)•.
Let > be a monomial order on Nn, i.e., > is a total order on Nn such that
(i) for every u ∈ Nn \ 0, u > 0 holds, and (ii) if v > u and w ∈ Nn, then
w + v > w + u. In this paper, v > u does not contain the case v = u.
Let X be a variety of dimension n and z = (z1, . . . , zn) a local coordinate
system at a smooth point p ∈ X. For a birational graded linear series
W• associated to a line bundle L on X, we can define a semigroup ΓW• =
ΓW•,z,> ⊂ N× N
n by using ν = νz,> : OX,p \ 0→ N
n as in Introduction.
In [LM, Lemma 2.12], they assume that W• satisfies “Condition (C)”,
which seems to be a slightly stronger condition than being birational(=
Condition (B) in [LM]), to show that ΓW•,z,> generates Z × Z
n as a group
for any z. But we can show that it is enough to assume W• is birational.
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Lemma 5.3. Let W• be a birational graded linear series associated to a line
bundle L on a variety X. Then ΓW•,z,> is birational for any local coordinate
system z at any smooth point p ∈ X and any monomial order > on Nn.
Proof. The condition i) in Definition 5.2 is clearly satisfied. Thus it is enough
to show that ΓW• generates Z×Z
n as a group. Fix k ≫ 0. Then the function
field K(X) is generated by { f/g ∈ K(X) | f, g ∈Wk, g 6= 0} over C because
W• is birational. Hence for any F ∈ K(X) \ {0}, we can write F = G/H,
where G,H are written as some polynomials over C of some elements in
{ f/g ∈ K(X) | f, g ∈ Wk, g 6= 0}. Therefore we can write F = G
′/H ′
for some G′,H ′ ∈ Wkl for some l ∈ Z+. Thus ν(F ) = ν(G
′) − ν(H ′) ∈
ν(Wkl)−ν(Wkl) ⊂ Z
n. Since the valuation ν : K(X)\{0} → Zn is surjective
(note that ν is naturally extended to K(X)\{0}), the group Zn is generated
by {ν(Wkl)−ν(Wkl)}l∈N. Thus the subgroup {0}×Z
n in Z×Zn is generated
by {0} × {ν(Wkl)− ν(Wkl)}l ⊂ ΓW• − ΓW•.
On the other hand, sk ∈ Wk \ {0} and sk+1 ∈ Wk+1 \ {0} induce the
element (1, ν(sk+1) − ν(sk)) ∈ ΓW• − ΓW• ⊂ Z × Z
n. Since the group
Z×Zn is generated by {0}×Zn and (1, ν(sk+1)−ν(sk)), the semigroup ΓW•
generates Z× Zn as a group. 
Let W• be a birational graded linear series associated to a line bundle
L on X. We define the Okounkov body ∆(W•) = ∆z,>(W•) of W• with
respect to z and > as in Introduction. That is, ∆z,>(W•) = ∆(ΓW•,z,>).
Thus ∆(W•) is an n-dimensional closed convex set in R
n because ΓW• is
birational by Lemma 5.3.
The following lemma is similar to [An, Lemma 5.2].
Lemma 5.4. For a monomial order > on Nn and a finite set S in Nn,
there exists α ∈ Zn+ satisfying the following: For u ∈ S and v ∈ N
n such
that v > u, it holds that α · v > α · u, where α · u, α · v are the usual inner
products.
Proof. For each u ∈ S, set Su = {v ∈ N
n | v > u}. Let Iu be the ideal in
the polynomial ring C[Nn] = C[x1, . . . , xn] generated by {x
v | v ∈ Su}. By
Hilbert’s basis theorem, Iu is generated by x
vu1 , . . . , xvuku for some ku ∈ N
and vu1, . . . , vuku ∈ Su. Therefore any v ∈ Su is contained in vuj + N
n for
some j.
We use the following result by Robbiano.
Theorem 5.5 ([Ro, Theorem 2.5]). For a monomial order > on Nn, there
exist an integer s ∈ {1, . . . , n} and u1, ..., us ∈ R
n which satisfy the following:
For u, v ∈ Nn, v > u if and only if π(v) >lex π(u), where
π : Nn → Rs; u 7→ (u1 · u, . . . , us · u)
and >lex is the lexicographic order on R
s.
Let e1, . . . , en be the standard basis of Z
n and consider the above u1, . . . , us
and π. For any γ >lex δ in R
s, the following holds from the definition of the
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lexicographic order: For β = (β1, . . . , βs) ∈ R
s
+ such that β1 ≫ · · · ≫ βs, we
have β · γ > β · δ.
Hence we can take β ∈ Rs+ such that
• β · π(ei) > 0 for 1 ≤ i ≤ n,
• β · π(vuj) > β · π(u) for u ∈ S and 1 ≤ j ≤ ku,
since π(ei) >lex π(0) = 0 and π(vuj) >lex π(u) (we can take common β
because S is a finite set). Since β · π(u′) = (β1u1 + · · · + βsus) · u
′ for
u′ ∈ Nn, we have
α′ · ei > 0, α
′ · vuj > α
′ · u(∗)
for 1 ≤ i ≤ n, u ∈ S and 1 ≤ j ≤ ku if we take α
′ ∈ Qn sufficiently close
to β1u1 + · · · + βsus. Set α := Nα
′ ∈ Zn for a sufficiently divisible positive
integer N . By (∗), it follows that α ∈ Zn+ and α ·vuj > α ·u for u ∈ S and j.
We show this α satisfies the condition in the statement of this lemma. Fix
u ∈ S and v ∈ Nn such that v > u, i.e., v ∈ Su. Then v ∈ vuj +N
n for some
1 ≤ j ≤ ku. Thus we have α · v = α · vuj +α · (v− vuj) ≥ α · vuj > α · u. 
5.2. Proof of Theorem 1.3. Since Seshadri constants are lower semicon-
tinuous (cf. [La, Example 5.1.11]), degenerations are useful to bound Se-
shadri constants from below. For example, Biran [Bi] degenerates varieties
to reducible schemes, and gives lower bounds of (multi-point) Seshadri con-
stants on P2. In [It], the author uses toric degenerations to obtain lower
bounds of Seshadri constants on some non-toric varieties.
We also use degenerations to prove Theorem 1.3. Although we would like
to degenerate
⊕
kWk to C[ΓW•] =
⊕
k Vν(Wk), the semigroup ΓW• is not
finitely generated in general, even if
⊕
kWk is finitely generated. Instead,
we degenerate Wk to Vν(Wk) for each k separately. Then we can use the
lower semicontinuity of jet separation, as in [CM]. This is the reason why
we define Seshadri constants in terms of jet separation.
First, we show that the Seshadri constants ofW (Γ)• andW∆(Γ),• coincide
for a birational semigroup Γ.
Lemma 5.6. For a birational semigroup Γ ⊂ N×Nn and m ∈ Rr+, we have
ε(∆(Γ);m) = ε(W (Γ)•;m).
Proof. By definition, it holds that
ε(∆(Γ);m) = lim
s(Vk∆(Γ);m)
k
, ε(W (Γ)•;m) = lim
s(VΓk ;m)
k
.
Since Γk is contained in k∆(Γ) for any k, ε(∆(Γ);m) ≥ ε(W (Γ)•;m) is
clear. Hence it is enough to show the opposite inequality.
When Γ is finitely generated, there exists u˜ = (l, u) ∈ Γ ⊂ N × Nn such
that (Σ(Γ) + u˜) ∩ (N × Nn) ⊂ Γ by [Kh, §3, Proposition 3] (see also [LM,
Subsection 2.1]). This induces (k∆(Γ)∩Nn)+u ⊂ Γk+l, from which we have
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s(Vk∆(Γ);m) = s(V(k∆(Γ)∩Nn)+u;m) ≤ s(VΓk+l ;m). Thus we obtain
ε(W (Γ)•;m) = lim
k
s(VΓk ;m)
k
= lim
k
s(VΓk+l ;m)
k
≥ lim
k
s(Vk∆(Γ);m)
k
= ε(∆(Γ);m).
In the general case, we take an increasing sequence Γ1 ⊂ Γ2 ⊂ · · · ⊂ Γ
such that each Γi is a finitely generated birational subsemigroup of Γ and⋃
i≥1 Γ
i = Γ. Then it is easy to show
⋃
i∆(Γ
i)◦ = ∆(Γ)◦. By Lemmas 4.5
and 4.7, we have
ε(∆(Γ);m) = ε(∆(Γ)◦;m) = lim ε(∆(Γi)◦;m) = lim ε(∆(Γi);m).
Since each Γi is finitely generated, we can apply the first part of the proof
of this lemma. Hence we have
ε(∆(Γi);m) = ε(W (Γi)•;m) ≤ ε(W (Γ)•;m).
Thus we obtain ε(∆(Γ);m) = lim ε(∆(Γi);m) ≤ ε(W (Γ)•;m). 
Broadly speaking, the geometrical meaning of Lemma 5.6 is that Seshadri
constants of ample line bundles (on non-normal toric varieties) at very gen-
eral points do not change by normalizations. In fact, when Γ is finitely
generated, (Proj
⊕
kW∆(Γ),k,O(1)) = (ProjC[Σ(Γ) ∩ (N × N
n)],O(1)) is
nothing but the normalization of the toric variety (Proj
⊕
kW (Γ)k,O(1)) =
(ProjC[Γ],O(1)).
Now we show the key proposition by using degeneration of global sections
as [CM]. Roughly speaking, this proposition states that W ⊂ H0(X,L)
generically separates no less jets than Vν(W ).
Proposition 5.7. Let L be a line bundle on an n-dimensional variety X.
Let ν = νz,> be the valuation map defined by a local coordinate system
z = (z1, . . . , zn) at a smooth point p ∈ X and a monomial order > on N
n.
Then s(W ;m) ≥ s(Vν(W );m) holds for any subspace W of H
0(X,L) and
any m ∈ Rr+.
Proof. By considering an increasing sequence of finite dimensional subspaces
in W , we may assume dimW < +∞.
Let π : U → Cn be the e´tale morphism defined by z1, . . . , zn in an open
neighborhood U ⊂ X of p. By the morphism π, we can identify OanX,p with
OanCn,0 = C{x1, . . . , xn}, where x1, . . . , xn are the coordinates on C
n such
that π∗xi = zi. Then we can regard W as a subspace of C{x1, . . . , xn} by
W →֒ Lp ∼= OX,p →֒ C{x1, . . . , xn}. Note that ν is extended to O
an
X,p \{0} =
C{x1, . . . , xn} \ {0} → N
n naturally.
Choose and fix fu ∈ ν
−1(u) ∩W for each u ∈ ν(W ). Then it holds that
V =
⊕
u∈ν(W )Cfu because #ν(W ) = dimW (cf. [LM] or [BC]). Since ν(W )
is a finite set, there exists α ∈ Zn+ satisfying the following by Lemma 5.4; if
v > u for u ∈ ν(W ) and v ∈ Nn, it holds that α · v > α · u.
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The vector α induces the action ◦ of C× on C{x1, . . . , xn} by t ◦ x
u :=
tα·uxu for t ∈ C× and u ∈ Nn. For fu =
∑
v cuvz
v =
∑
v cuvx
v (note we
identify zi and xi), the regular function
t ◦ fu
tα·u
= t−α·u
∑
v
cuvt
α·vxv =
∑
v
cuvt
α·v−α·uxv
on a neighborhood of C× × {0} (in C× × Cn) is naturally extended to a
regular function on a neighborhood U of C×{0}. Note that α · v−α ·u ≥ 0
if cuv 6= 0. We denote the regular function by Fu. Set W =
⊕
u∈ν(W )CFu.
We prove this proposition only for r = 1. When r > 1, the proof is
similar. Thus we leave the details to the reader.
Choose a very general section σ of the projection U → C onto the first
factor. Let I be the ideal sheaf corresponding to σ(C) on U ⊂ C×Cn. For
s ≥ 0, we consider the map
φ :W ⊗C C{t} → O
an
U → O
an
U /I
s+1
of flat sheaves over C. For t ∈ C, we write Wt :=W ⊗ C{t}|{t}×Cn and
φt := φ|{t}×Cn : Wt → O
an
U /I
s+1|{t}×Cn = OCn/m
s+1
σ(t).
By the flatness, φt is surjective for very general t if so is φ0. Thus if W0
separates s-jets at σ(0), thenWt also separates s-jets at σ(t) for very general
t. Since σ is a very general section, we have
s(Wt;m) ≥ s(W0;m)
for t in a neighborhood of 0. Since there is a natural identification ofWt and
W for t ∈ C× by the action ◦, we have s(W ;m) = s(Wt;m). On the other
hand, W0 = Vν(W ) ⊂ C[x1, . . . , xn] since Fu = cuux
u + t · (higher term) for
some cuu 6= 0. From these inequalities, we have s(W ;m) ≥ s(Vν(W );m). 
Now we can show the main theorem easily.
Theorem 5.8 (=Theorem 1.3). Let W• be a birational graded linear series
associated to a line bundle L on an n-dimensional variety X. Fix a local
coordinate system z = (z1, . . . , zn) on X at a smooth point and a monomial
order > on Nn. Then ε(W•;m) ≥ ε(∆z,>(W•);m) holds for any r ∈ Z+
and m ∈ Rr+.
Proof. Let Γ := ΓW•,z,> ⊂ N × N
n be the semigroup defined by W•, z, and
>. Then we have Γk = ν(Wk) ⊂ N
n and ∆(Γ) = ∆z,>(W•) by definition.
By Proposition 5.7, it holds that
ε(W•;m) = lim
s(Wk;m)
k
≥ lim
s(Vν(Wk);m)
k
= lim
s(VΓk ;m)
k
.
Since Γ is birational by Lemma 5.3, we have
lim
s(VΓk ;m)
k
= ε(W (Γ)•;m) = ε(∆(Γ);m) = ε(∆z,>(W•);m)
from Lemma 5.6. Thus ε(W•;m) ≥ ε(∆z,>(W•);m) holds. 
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Remark 5.9. The inequality in Theorem 5.8 is not equality in general. Let
L be an ample line bundle on a projective variety X. Let z be a local
coordinate system at p and E the prime divisor on X defined by the first
coordinate z1 of z around p. If > is the lexicographic order, ∆z,>(L) is
contained in [0, a]×RdimX−1, where a = sup{ t > 0 |L− tE is effective} (cf.
[LM]). Hence ε(∆z,>(L); 1) ≤ a holds (cf. [It, Theorem 3.6]). If we choose
z so that E ∈ |mL| for m≫ 0, we have ε(∆z,>(L); 1) ≤ a = 1/m < ε(L; 1).
Remark 5.10. See [LM, Remark 5.5] for another relation between Okounkov
bodies and Seshadri constants, though the relation is not written explicitly
there. The relation also holds for a birational graded linear series.
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